Abstract. We introduce a property of compact complex manifolds under which the existence of balanced metric is stable by small deformations of the complex structure. This property, which is much weaker than the ∂∂-Lemma, is characterized in terms of the strongly Gauduchon cone and of the first ∂∂-degree measuring the difference of Aeppli and Bott-Chern cohomologies with respect to the Betti number b 1 .
Introduction
In this note we are aimed to the problem of constructing special metrics on complex non-Kähler manifolds. In particular, we are interested in balanced metrics in the sense of M. L. Michelsohn [9] , that is, Hermitian metrics whose fundamental form is co-closed. More precisely, we introduce a condition assuring the construction of such metrics on small deformations of the complex structure.
It is well known that the existence of balanced metric on a compact complex manifold is not stable under small deformations of the complex structure [1] . However, C.-C. Wu proves in [16, Theorem 5.13 ] that small deformations of compact complex manifolds satisfying the ∂∂-Lemma and admitting balanced metrics still admit balanced metrics. This is a non-Kähler analogue of the fundamental stability result by K. Kodaira and D. C. Spencer for Kähler metrics [7, Theorem 15] .
In order to generalize the above result, J. Fu and S.-T. Yau introduced in [6, Definition 5] the following notion. A compact complex manifold X of complex dimension n is said to satisfy the (n − 1, n)-th weak ∂∂-Lemma if, for each real form α of type (n − 1, n − 1) on X such that ∂α is ∂-exact, then there exists a (n − 2, n − 1)-form β such that ∂α = i ∂∂β. They proved the following result.
Theorem 0.1 ([6, Theorem 6] ). Let X be a compact complex manifold of complex dimension n with a balanced metric, and let X t be a holomorphic deformation of X = X 0 . If X t satisfies the (n − 1, n)-th weak ∂∂-Lemma for any t = 0, then there exists a balanced metric on X t for t sufficiently close to 0.
Notice that, while satisfying the ∂∂-Lemma is a stable property under small deformations of the complex structure (see [15, Proposition 9 [14, Example 3.7] ). Here we introduce a cohomological property, related to the above weak ∂∂-Lemma, in order to get stability under small deformations.
Let X be a compact complex manifold of complex dimension n. We recall that the Bott-Chern and the Aeppli cohomologies of X are given, respectively, by H
and H
•,•
A (X) := ker ∂∂ im ∂+im ∂ [13] . Consider the natural map
induced by the identity.
Definition 0.2. Let X be a compact complex manifold of complex dimension n. We say that X satisfies the (n − 1, n)-th strong ∂∂-Lemma if the natural map ι n−1, n BC, A is injective. Equivalently, for each ∂-closed form Γ of type (n − 1, n) on X, if Γ = ∂η + ∂ν then there exists a (n − 2, n − 1) form γ such that Γ = ∂∂γ.
It is clear that compact complex manifolds satisfying the ∂∂-Lemma also satisfy the (n − 1, n)-th strong ∂∂-Lemma. In Proposition 2.5 we prove that the latter property is much weaker than the ∂∂-Lemma. It is also clear that the (n − 1, n)-th strong ∂∂-Lemma implies the (n − 1, n)-th weak ∂∂-Lemma. Proposition 2.5 shows that the converse does not hold.
The main result in this note is valid for the broader class of locally conformally balanced metrics, that is, Hermitian metrics that are locally conformal to a balanced metric. Notice that there exist many compact complex manifolds having locally conformally balanced metrics but not admitting any balanced metric (see for instance [8] for nilmanifolds with such property). Our main result is the following. Theorem 0.3. Let X be a compact complex manifold of complex dimension n with a locally conformally balanced metric, and let X t be a holomorphic deformation of X = X 0 . If X satisfies the (n − 1, n)-th strong ∂∂-Lemma, then X t admits a balanced metric for any t sufficiently close to 0.
For the proof we first notice that, by [5, Theorem 2.5], the (n − 1, n)-th strong ∂∂-Lemma property assures that locally conformally balanced structures are in fact globally conformal to a balanced structure, hence yielding the existence of a balanced metric (see Theorem 2.6 below). The second result that we use in the proof is that the property of satisfying the (n − 1, n)-th strong ∂∂-Lemma is stable under small deformations of the complex structure (see Corollary 2.3). Finally, the conclusion follows from Fu and Yau's result, Theorem 0.1.
In Theorem 2.1 we prove that a compact complex manifold X satisfies the (n − 1, n)-th strong ∂∂-Lemma if and only if the strongly Gauduchon cone of X coincides with its Gauduchon cone and the first ∂∂-degree ∆ 1 (X) vanishes. Compact complex manifolds satisfying the first condition are called sGG manifolds and they are studied in [12] . On the other hand, the complex invariants ∆ k (X), 1 ≤ k ≤ n, to which we refer here as the k-th ∂∂-degrees of X, are introduced in [4] , where it is proved that they all vanish if and only if the compact complex manifold X satisfies the ∂∂-Lemma.
Once the compact complex manifolds X satisfying the (n − 1, n)-th strong ∂∂-Lemma property are characterized as those sGG manifolds X with ∆ 1 (X) = 0, the openness of the property follows. In contrast, in Proposition 2.4 we show that the property is not closed under holomorphic deformations.
The sGG class and the ∂∂-degrees of a compact complex manifold
Let X be a compact complex manifold of complex dimension n. We recall that the Gauduchon cone C G (X) of X is defined in [11] as the open convex cone
denotes the Dolbeault cohomology of X. The strongly Gauduchon cone (sG cone, for short) C sG (X) is defined in [11] as the intersection of the Gauduchon cone with the kernel of the linear map T , i.e.,
Notice that, either all the Gauduchon metrics ω for which ω n−1 belongs to a given Aeppli-Gauduchon class [ω n−1 ] A ∈ C G (X) are sG, or none of them is, that is to say, the sG property is cohomological.
The following class is introduced and studied in [12] : a compact complex manifold X is said to be an sGG manifold if the sG cone of X coincides with the Gauduchon cone, i.e.,
Since the kernel of T is a vector subspace of H n−1, n−1 A (X), its intersection with C G (X) leaves the latter unchanged if and only if T vanishes identically.
We will need the following equivalent conditions to the sGG property: 
Here b k denotes de k-th Betti number of the manifold, and h Finally, we recall the definition of the degrees ∆ k (X) of X. In [4, Theorem A], it is proven that, for any k, 
will play a central role.
2. Stability of the (n − 1, n)-th strong ∂∂-Lemma and proof of the main result
In this section, we first prove the characterization of the (n − 1, n)-th strong ∂∂-Lemma in terms of the sGG property and the vanishing of the complex invariant ∆ 1 . This will allow us to ensure the openness of (n − 1, n)-th strong ∂∂-Lemma under small deformations of the complex structure, and hence Theorem 0.3. 
where the last two equalities follow from Step 1, and from (vi) and (vii) in Theorem 1.1, respectively. Hence, ∆ 1 (X) = 0.
Step 3: If X is sGG and ∆ 1 (X) = 0, then X satisfies the (n − 1, n)-th strong ∂∂-Lemma. Consider the commutative diagram of natural maps
By the assumption that X is sGG we have that the natural ι n, n−1 ∂, A is injective by Theorem 1.1 (iii). We have also that
where we have used the duality between Aeppli cohomology and Bott-Chern cohomology, Theorem 1.1 (vi), and the Serre duality, respectively. It follows that ι n, n−1 ∂, A is in fact an isomorphism.
By the hypothesis ∆ 1 (X) = 0 we have
where we have used (2) (X), it is in fact an isomorphism. Therefore, X satisfies the (n − 1, n)-th strong ∂∂-Lemma.
In the following result we give a numerical characterisation of those compact complex manifolds satisfying the (n − 1, n)-th strong ∂∂-Lemma in terms of Betti, Hodge, and Bott-Chern numbers. Therefore, the result follows from Theorem 2.1, Theorem 1.1, and (2).
Corollary 2.2. On any compact complex manifold
X of complex dimension n, we have b 1 ≤ 2 h 0,1 ∂ (X) ≤ 2 h n,n−1 BC (X) and h 0,1 BC (X) ≤ h 0,1 ∂ (X).
Moreover, X satisfies the (n − 1, n)-th strong ∂∂-Lemma if and only if
As a consequence of Theorem 2.1 we get the following stability result. Proof. The stability of the sGG property under small deformations is proved in [12, Corollary 1.6] , whereas the stability of the condition ∆ 1 = 0 is a consequence of the semi-continuity of dimensions of Bott-Chern cohomology groups (see [13, Lemme 3.2] ). Hence, the stability of the (n − 1, n)-th strong ∂∂-Lemma property follows from the characterization given in Theorem 2.1.
We notice that, on the other side, the (n − 1, n)-th strong ∂∂-Lemma property is not closed. Proof. Consider the deformation {X t } t∈B in case (1) given in [3, §4] . Here B is an open ball around 0 in C and the central fibre X 0 is the (holomorphically parallelizable) Nakamura manifold. The fibres X t satisfy the ∂∂-Lemma for t = 0, however ∆ 1 (X 0 ) = 8 = 0. Moreover, the central fibre is not sGG [12] .
Any compact complex manifold satisfying the ∂∂-Lemma also satisfies the (n − 1, n)-th strong ∂∂-Lemma, and it is also clear that the latter condition implies the (n − 1, n)-th weak ∂∂-Lemma. In the following result we show that the converses to these implications do not hold.
Proposition 2.5. (i)
There exist compact complex manifolds X of complex dimension n satisfying the (n − 1, n)-th strong ∂∂-Lemma that do not satisfy the ∂∂-Lemma.
(ii) There exist compact complex manifolds X of complex dimension n satisfying the (n − 1, n)-th weak ∂∂-Lemma but not satisfying the (n − 1, n)-th strong ∂∂-Lemma.
Proof. As an example in case (i), let X be compact complex manifold of complex dimension 3 given by the completely-solvable Nakamura manifold with the lattice in case (ii) in [2, Example 2.17]. Then, b 1 = 2 and h
BC (X) = 1, so Corollary 2.2 implies that X satisfies the (2, 3)-th strong ∂∂-Lemma. However, ∆ 2 (X) = 4 = 0 and X does not satisfy the ∂∂-Lemma [4] . For the proof of (ii), we first observe that, by the commutative diagram of natural maps The following result is proved in [5, Theorem 2.5] and provides a sufficient condition for the existence of a balanced metric on locally conformally balanced manifolds. Notice that the existence of locally conformally balanced metrics is much weaker than the existence of balanced metrics; for instance, there exist many locally conformally balanced nilmanifolds not admitting any balanced metric [8] . We are now ready to prove the main theorem of this paper. Proof of Theorem 0.3. Let X be a compact complex manifold of complex dimension n with a locally conformally balanced metric, and let X t be a holomorphic deformation of X = X 0 . Suppose that X satisfies the (n − 1, n)-th strong ∂∂-Lemma. Then, by (3) the map ι n−1, n BC, ∂ is injective and we can apply Theorem 2.6 to ensure the existence of a balanced metric on X.
Since the (n − 1, n)-th strong ∂∂-Lemma property is open by Corollary 2.3, we have that X t also satisfies the (n − 1, n)-th strong ∂∂-Lemma for any t sufficiently close to 0, in particular X t satisfies the (n − 1, n)-th weak ∂∂-Lemma. Now, Theorem 0.1 implies the existence of a balanced metric on X t for any t sufficiently close to 0.
